Bound-state spectra of shifted Deng-Fan oscillator potential are studied by means of a generalized pseudospectral method. Very accurate results are obtained for both low as well as high states by a non-uniform optimal discretization of the radial Schrödinger equation. Excellent agreement with literature data is observed in both s-wave and rotational states. Detailed variation of energies with respect to potential parameters is discussed. Application is made to the ro-vibrational levels of four representative diatomic molecules (H 2 , LiH, HCl, CO). Nine states having {n, ℓ} = 0, 1, 2 are calculated with good accuracy along with 15 other higher states for each of these molecules.
I. INTRODUCTION
Interest in empirical potential energy functions of diatomic molecules has remained unabated ever since the inception of the celebrated Morse potential [1] , proposed nearly 85 years ago. This three-parameter, exponentially varying function has inspired numerous works in the direction of constructing a universal energy-distance relationship, having varied number of parameters. In recent years there has been an upsurge of interest in this direction. Thus, an enormous number of publications exist in the literature spanning over several decades. Some of the most prominent ones include Morse [1] [2] [3] , Rydberg [4] , Pöschl- Teller [5, 6] , Manning-Rosen potential in 3D [7] [8] [9] , in higher dimension [10] , in relativistic domain [11, 12] and scattering states [13] , Rosen-Morse [14] , Wood-Saxon [15] , pseudoharmonic potential [16, 17] in 2D [18] , Kratzer [19] , Hulthén [20] , hyperbolic [21] , Linnett [22] , Lippincott [23] , Tietz [24] , Schlöberg [25] , Zavitsas [26] , Hajigeorgiou [27] , along with many other variants of these and numerous others.
In this work, we focus on the important Deng-Fan (DF) potential [28] for diatomic molecules, proposed little more than half a century ago, but attracting much interest lately, V (r) = D e 1 − b e ar − 1 eigenfunctions for ℓ = 0 were investigated by the SO(2, 1) algebraic method [31] . About a decade later, approximate analytical solutions of Schrödinger equation with rotating DF potential for arbitrary n, ℓ states were presented in terms of the generalized hypergeometric functions 2 F 1 (a, b; c; z) [32] . In another development, an improved approximation scheme was used for the centrifugal term, along with a super-symmetric shape invariance approach [33] .
Then, using a super-symmetric shape invariance formalism, approximate analytic solution of the Dirac equation with DF potential has been given [34] . Bound state solutions of the Klein-Gordon equation with rotating DF potential has been presented as well lately for spinless particle [35] . Analytic solutions of the Klein-Gordon and Dirac equation in a rotating DF potential is given by a Pekeris approximation of the centrifugal term and a Nikiforov-Uvarov method [36] . Moreover, it has been recently demonstrated that, for a set of 16 diatomic molecules Manning-Rosen, Schlöberg and DF potentials perform very closely to the traditional Morse potential (and not showing any significant improvement over it) in terms of spectroscopic parameters, even though the latter follows qualitatively correct asymptotic behavior [37] .
Recently, the DF potential, shifted by the dissociation energy, has been used for molecules [38] ,
thorough variation of energies with respect to the parameters a, r e is monitored. Then it is extended for ro-vibrational levels (belonging to both low and high n, ℓ) within sDF potential, for four diatomic molecules, namely, H 2 , LiH, HCl and CO. This will also broaden the range of applicability and feasibility of GPS method for a larger class of complicated molecular potential functions. Comparison with existing literature data is made wherever possible.
General qualitative behavior of ro-vibrational energies obtained from this potential is also briefly contrasted with those from the familiar Morse potential. The article is organized as follows: A brief account of the employed GPS method is provided in Section II. Section III gives results and discussion, while a few concluding remarks are noted in Section V.
II. GPS METHOD FOR DF POTENTIAL
In this section, we briefly outline the GPS formalism for solving the non-relativistic Schrödinger equation of a Hamiltonian containing a DF potential. Only the essential steps are given; relevant details may be found in previous works [41] [42] [43] [44] [45] [46] and the references therein).
Atomic units are employed throughout the article, unless otherwise mentioned.
The desired radial Schrödinger equation to be solved, can be written in following form,
where v(r) is DF or sDF potential, given in Eq. (1) or (2). Here n, ℓ signify the usual radial and angular momentum quantum numbers respectively.
The characteristic feature of GPS method lies in the fact that it facilitates the use of a non-uniform, optimal spatial discretization leading to a coarser mesh at larger r and denser mesh at smaller r, while maintaining similar accuracy at both these regions. Thus it enables one to work with a significantly smaller number of grid points yet providing accurate results quite efficiently. This is in sharp contrast to the usual finite-difference schemes, which require considerably larger grid points, presumably because of their uniform discretization nature.
At first, a function f (x) defined in the interval x ∈ [−1, 1], is approximated by an N-th order polynomial f N (x), as given below,
which guarantees that the approximation is exact at the collocation points x j , i.e., f N (x j ) = f (x j ). In the Legendre pseudospectral scheme used here, x 0 = −1, x N = 1, while x j (j = 1, . . . , N − 1) are obtained from the roots of the first derivative of Legendre polynomial P N (x) with respect to x, i.e., P ′ N (x j ) = 0. The cardinal functions, g j (x) in Eq. (4) are given by,
satisfying the unique property that g j (x j ′ ) = δ j ′ j . In the next step, the semi-infinite domain r ∈ [0, ∞] is mapped onto a finite domain x ∈ [−1, 1] by a transformation of the type r = r(x). Now an algebraic nonlinear mapping of the following type can be introduced,
with L, α = 2L rmax being two mapping parameters. Then applying a symmetrization procedure, one obtains, after some straightforward algebra, the following transformed Hamilto-
where v m (x) is given by,
The advantage is that now one deals with a symmetric matrix eigenvalue problem, which can be easily solved by standard available routines to yield both eigenvalues and eigenfunctions very accurately and efficiently.
III. RESULTS AND DISCUSSION
At first, we give our central result of bound-state energies E n,ℓ of DF potential obtained from GPS method, for both non-rotational (ℓ = 0) and rotational (ℓ = 0) cases. For this, 21 energies belonging to the radial quantum number n = 0 − 5 are reported, in a.u. Tables   I and II a Ref. [32] . b Ref. [33] . c Ref. [39] . d Ref. [40] , as quoted in [32] . † See the Supplementary Material for results of these states, by an "Anonymous Referee".
generally a value of 500 a.u. was found to be necessarily sufficient; however for high-lying states and large radius (a) of the potential, larger values (up to even a few thousand a.u.)
was required to capture the complicated nature of long-range tail in the wave functions.
Similar situation was encountered for the Hulthén and Yukawa potentials in higher states and for stronger screening parameters [42] . This is felt more so if high accuracy is desirable.
However, the energies remained apparently completely insensitive to the variations in total number of radial points, as long as a decent number of collocation points were employed for sampling. Thus there is no computational overhead for this extension of the grid. This consistent set of parameters was adopted, after performing a series of calculations to reproduce the best existing energies in the literature. All our converged energies reported here are truncated rather than rounded-off. No direct results are available for the s (ℓ = 0) states for comparison. For the non-zero ℓ states, first systematic, good-quality approximate analytical energies were reported in [32] , which expressed them in terms of hypergeometric functions [32] . Approximate analytical energies from super-symmetric shape invariance formalism in conjunction with the wave function analysis [33] has produced slightly better eigenvalues.
For the same parameter sets, approximate ro-vibrational states have also been reported through asymptotic iteration scheme along with a Pekeris-type scheme for the centrifugal term [39] . Additionally, eigenvalues are available from a MATHEMATICA implementation [40] , as quoted in [32] . The GPS eigenvalues show excellent agreement with all these results overall. As one goes to higher states, considerable difference in energies is noticed between those of [33] and [39] . Present energies tend to differ from those of [39] for larger a and higher states. We also note that all the six ℓ = 0 states were independently obtained by an anonymous referee by using a Numerov-Cooley algorithm. These, given in the Supplementary Material, use a radial grid covering 0.0001 to 55.05 a.u., and match excellently with the current GPS results.
Once the satisfactory performance for lower states is established, we now turn our focus on some select higher states of DF potential. To our knowledge, vibrational and rotational quantum numbers beyond 5 have not been considered before. Thus as a test of the validity and reliability of this approach, 15 states corresponding to n = 6, 7 (i.e., 7s, 7p, · · · , 7i; 8s, 8p, · · · , 8k) are reported here in Table III, it is hoped that the present results would be helpful for future investigations. As in Table I, in this case also, some ℓ = 0 states (7s, 8s, 9s) were calculated for a = 0. and finally tend to assume a rather flat shape. In this occasion, however, for the value of vibrational quantum number studied, apparently the levels remain visibly well separated. Now, we proceed for the application in molecules. Thus, Table IV presents GPS results for ro-vibrational bound states four selected molecules, viz., H 2 , LiH, HCl and CO. These were having radial and angular quantum numbers {n, ℓ} = 0, 1, 2 are presented for each of these molecules. To the best of our knowledge, only ground-state energies have been reported before, which are referred in columns 4 and 6. It is seen that, results of [38] in the framework of Nikiforov-Uvarov method along with a Pekeris-type of approximation for the centrifu- a Nikiforov-Uvarov result [38] . b Amplitude phase result [38] . c Ref. [39] .
gal term, completely coincides with numerically obtained values from the amplitude-phase method [38] . Energies up to the tenth place of decimal have been reported very recently through an asymptotic iteration method [39] . Overall, the current approach offers excellent agreement with all these reference values, while deviations after 5-6 significant figures are encountered between present eigenvalues and those of [39] .
Next we move on to the higher lying states in the same four molecules. Table V tabulates 12 such eigenstates having n = 3, 5, 7 for four values of angular quantum number ℓ = 0, 5, 10, 15. While for ℓ = 0, 5, 10, some decent number of references exist, to our knowledge, no attempts have been made so far for ℓ beyond 10. The ℓ = 0, 5, 10 states having n = 5, 7 have been calculated before by Nikiforov-Uvarov [38] , amplitude [38] and asymptotic iteration methods [39] . The first two literature energies are completely identical in all the (n, ℓ) states, with n having 5,7 and ℓ = 0. For ℓ = 0 states, however, there remains variations with respect to angular quantum number ℓ. These are given for five (0, 3, 6, 9, 12) and six (0, 3, 6, 9, 12, 15) values of n, for H 2 and LiH respectively. For a given molecule, E n,ℓ versus ℓ tends to attain a straight line-like behavior for higher and higher n; similarly E n,ℓ versus n also approaches a linear behavior for progressively higher ℓ. In moving from H 2 to LiH, the E n,ℓ versus n tends to become more closely spaced, whereas the E n,ℓ versus ℓ remain well distinctly separated, although the rate of change slows down bringing some flatness in to the picture. The general qualitative features of these plots remain quite similar for the other two molecules, HCl and CO. E nℓ versus n in HCl remains very close to that of LiH, while for CO, the individual ℓ plots become much closer to each other and assuming almost linear behavior, much like the way in [46] for Morse potential. The E n,ℓ versus ℓ plot of HCl, once again resembles very closely that of LiH, while in CO, the individual n plots remain well separated however. These energy variations show good resemblance with those obtained in the recent study of Morse potentials for same set of molecules [46] . This is in good accord with the recent finding of [37] , where the anharmonicity ω e χ e and vibrational rotational coupling parameter α e for 16 selected molecules were found to be quite similar for the DF and Morse potential. To the best of our knowledge, no such analysis has been made before. We hope that the present results may provide useful guidelines for future works. results comparable to other more complicated methods. Given its success for this and previous systems, we hope the method will be equally applicable to other relevant potentials in atomic and molecular physics.
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